Most theoretical descriptions of lyotropic cholesteric liquid crystals to date focus on homogeneous systems in which the rod concentration, as opposed to the rod orientation, is uniform. In this work, we build upon the Onsager-Straley theory for twisted nematics and study the effect of weak concentration gradients, generated by some external potential, on the cholesteric twist. We apply our theory to chiral nematics of nanohelices in which the supramolecular helix sense is known to spontaneously change sign upon variation of particle concentration, passing through a so-called compensation point at which the mesoscopic twist vanishes. We show that the imposed field offers exquisite control of the handedness and magnitude of the helicoidal director field, even at weak field strengths. Within the same framework we also quantify the director fluctuation spectrum and find evidence for a correlation length diverging at the compensation point.
I. INTRODUCTION
Chiral intermolecular forces are essential for stabilizing the building blocks of life (e.g. the amino acids that make up DNA) and play an important role in key biological processes. Condensed phases composed of chiral constituents exhibit a much richer phase morphology than their non-chiral counterparts. Examples are liquid crystal mesophases consisting of elongated chiral mesogens which may form twisted nematic [1] or cubic blue phases [2] whose chirality-induced periodic mesostructure endows them with special opto-electronic properties [3] . These materials find important applications in electronic displays, smart windows, optical switches, photonics and cosmetic products.
Chiral nanoparticles are ubiquitous in the biological realm. Examples of chiral biopolymers capable of forming (chiral) liquid crystals include DNA [4] , chitin [5] , collagen [6, 7] , cellulose [8, 9] , phytosterol [10] , and filamentous fd virus particles [11, 12] . Some of these systems currently witness an active field of experimental research in which the role of biomolecular chirality on the mesoscopic material properties in relation to possible applications as functional materials is being extensively explored [13] [14] [15] [16] [17] .
Recent theoretical and simulation studies utilizing coarse-grained models for curled hard cylinders [18] [19] [20] or helical patchy rods [21] [22] [23] [24] have shed new light on how molecular chirality translates into various macroscopic structures. Most of the focus has been on cholesteric liquid crystals. These structures are essentially nematic (no long-range positional order) but the local director exhibits a helical precession, characterized by an intrinsic length scale, the helical pitch P , and handedness (lefthanded, LH or right-handed RH, see Fig. 1 ). One of the remarkable findings emerging from these studies is that the cholesteric sense (a left-or right-handed twist) is not only dictated by the chirality at the particle scale [25] but * Electronic address: wensink@lps.u-psud.fr also by the thermodynamic state of the system [19] . Helical mesogens with a certain prescribed molecular helicity may undergo spontaneous sense inversions by subtle variations of the overall particle concentration, pressure or temperature [22] . Temperature-induced sense inversions are not uncommon in certain thermotropic systems [26] [27] [28] [29] [30] , but their origin is unclear. Most likely, subtle modifications in the molecular chirality or solvent conditions upon variation of temperature are at the core of these trends. The supramolecular handedness may also be controlled using photosensitive chiral dopants [31] . Furthermore, mixing components each with a different sign and magnitude of the molecular chirality may lead to situations where the global twist vanishes. These particular states are usually referred to as compensated or racemic cholesterics [32] and re-emerge in nanohelix cholesterics at the inversion point where the handedness changes sign and the supramolecular twist becomes zero [33] . The lyotropic case is surprising in that spontaneous sense inversions happen at fixed internal chirality and interaction range. The inversions are brought about solely by a subtle interplay between concentration and (local) particle alignment [19, 22] . A further experimental exploration of these sense inversions, which have to date not been identified in the biofibril suspensions listed above, is desirable as it may open up new possibilities to tune the optical properties of lyotropic cholesteric materials [34] .
In this work we take a closer look at fluctuations in the supramolecular twist in case the particle concentration is no longer spatially uniform but subject to a weak modulation induced by some external field. The main questions we set out to address are the following. First: How does a weak modulation of the particle concentration couple to the local director twist and can we exploit this to generate more complex non-uniform periodic twist profiles? The second question relates to fluctuations in the supramolecular twist induced by thermal motion; Is there a diverging length scale associated with director fluctuations upon approach of the compensation point, and, if so, how does this correlation length depend on particle concentration?
To address both issues we revisit Onsager's second- (a) Simulation snapshot of a left-handed (LH) cholesteric phase of helical patchy cylinders. The vertical system dimension corresponds to half the pitch P of the helical director field (rod orientations are color coded). Reprinted from Ref. [23] . An external field Uext coupling to the local particle concentration creates a non-uniform density along the pitch direction z. (b) The particles consist of a soft helical potential (indicated by the green dots) with pitch p wrapped around the surface of a cylindrical hard core (in red). (c) The mean-field chiral potential between a rod pair at fixed centre-of-mass distance depends on the interrod angle γ and may display a single-mimimum ( = 1) or double-minimum behavior ( = 3), depending on the sign and amplitude of the molecular pitch p. Helices with = 1 are LH, those with = 3 possess a RH symmetry [22] .
virial theory [35] for nematic phases of slender hard rods, supplemented with Straley's extension [36] to account for the effect of a non-uniform (e.g. twisted) director field. We further generalize the framework toward systems with a weak gradient in the particle concentration. The ensuing theory is essentially a hybrid square-gradient theory accounting for the subtle coupling between concentration and director deformations mediated by the local particle orientations. An important advantage of using the Onsager-Straley approach, in contrast to some of the more expansive density functional theories formulated for chiral nematics [37] [38] [39] , is the direct connection with the pair potential of the (helical) nanorods. No experimental or simulation input is required to quantify the elastic properties of the system since they are intrinsically calculable within the theory. The approach thus enables us to predict the fluctuation spectrum of nanohelix cholesterics on a microscopic footing.
The manuscript is organized as follows. We begin in Section II by laying out a simple square-gradient formalism derived from the Onsager-Straley theory for chiral nematics. The required microscopic input parameters are discussed in Section III based on a rigid hard rod model supplemented with some tractable helical potential mimicking the twist propensity of a pair of soft helical filaments. The implications of a weak concentration modulation along the pitch axis on the local director twist is investigated in Section IV and the director fluctuation spectra will be analyzed and discussed in detail in Section V. The main conclusions drawn from this study will be formulated in the final Section.
II. CHOLESTERIC SYSTEMS WITH NON-UNIFORM PARTICLE CONCENTRATION
The starting point of our analysis is Onsager's classical second-virial theory [35] designed for fluid phases of infinitely slender, rigid filaments where interactions involving more than two particles are highly improbable. The excess free energy F ex in units of the thermal energy k B T (with temperature T and Boltzmann's constant k B ) may be generalized for inhomogeneous systems and formally reads [40, 41] 
where the Mayer function Φ = e −U/k B T − 1 relates to the pair potential U between two particles ("1" and "2"). It depends explicitly on their mutual orientation, indicated by the unit vectorsω i , and their centre-of-mass distance r 1 − r 2 . The one-body density ρ expresses the probability to find a rod with centre-of-mass at position r and orientationω with respect to a spatially varying director fieldn(r). Brackets denote a double angular average · = dω 1 dω 2 . Our working assumption is that gradients in the nematic director as well as in the particle concentration extend over distances far greater than the typical particle scale. Defining new coordinates R = (r 1 + r 2 )/2 and ∆r = r 1 − r 2 we may expand ρ up to linear order in ∆r. This yields two gradient contributions, one for the concentation and a second one describing spatial variations of the director field [36] , respectively
for i = 1(+), 2(−), in terms of the partial derivative of the one-body density with respect to orientationρ(R,ω · n(R)) = ∂ρ(R,ω ·n(R))/∂(ω ·n(R)). In the following we shall focus on a weakly twisted director field with a helical axis fixed along the z−direction of the laboratory frame which we denote by Cartesian coordinates (X, Y, Z). The twist deformation then readsn(Z) ≈ (1, ϕ(Z), 0) with a non-uniform twist angle ϕ(Z) (|∇ϕ| 1). An expansion of the free energy per unit surface A up to second order in the gradients gives
In deriving the above, we have imposed mirror reflection symmetry, ρ(Z,ω) = ρ(−Z,ω) by requiring that all linear terms ∇ρ be zero. The kernels M n refer to the n-th moment of the Mayer function and are defined as
These quantities depend explicitly on the mutual particle orientation of a rod pair and provide the key microscopic input of our theory. The kernels will be specified in the next Section. The odd term M 1 is only non-zero if the rod interactions are chiral in which case the direction of twist deformation matters, i.e., ∇ϕ = −∇ϕ. For achiral particles all terms linear in ∇ϕ vanish. The excess term involves pair-interactions only and is merely approximate at elevated particle densities. The remaining free energy contributions on the other hand are exact and represent the free energy of an ideal gas of rodlike particles via
where the last term imparts the effect of some externally imposed potential U ext and V is an immaterial thermal volume containing contributions from the rotational momenta of the particles. The next step is to minimize the total free energy with respect to the density ρ(Z,ω) while assuming the density to be unaffected by the weak director twist. This is done by means of a functional minimization δ δρ(Z,ω) F − µ dZ ρ(Z,ω) ∇ϕ=0 = 0, in terms of a chemical potential µ acting as a Lagrange multiplier to ensure a fixed particle number; dZ ρ(Z,ω) = N/A. The result is an Euler-Lagrange equation for the onebody density which can be recast as a Boltzmann exponent
in terms of a self-consistent field U S combining some effective internal potential due to rod-rod correlations and the external one
(7) Minimization of the total free energy with respect to the twist deformation δF/δ∇ϕ(Z) = 0 yields for the equilibrium twist
where the coefficients relate to a weighted double angular average of the kernels
The results for systems with a uniform particle concentration ρ 0 are easily retrieved by setting
with the constant N ensuring normalization via f 0 (ω) = 1. Likewise, the two coefficients Eq. (9) reduce to the familiar torque-field and the (Frank) twist elastic constants, defined as [41] 
The ratio of these two give a uniform twist deformation ∇ϕ(Z) = K t /K 2 = q 0 with q 0 a wavenumber inversely proportional to the pitch of the cholesteric system. The more general expressions Eq. (6) and Eq. (9) enable us to compute the non-uniform twist profile of a cholesteric phase exposed to an external potential acting along the pitch direction. In Section IV, we shall take a closer look at the implications of a weak concentration gradients imposed by some arbirtrary external field (related to e.g. particle sedimentation, solvent evaporation, or the presence of a substrate). But first, we need to specify the microscopic interactions that underpin the stability of cholesteric order in suspensions of helical filaments.
III. COARSE-GRAINED POTENTIAL FOR RIGID HELICAL FILAMENTS
Let us consider the interactions between a pair of hard cylindrical rods with length L and diameter D, each padded with some helical surface pattern, resembling a helical 'patchy' particle [23, 24] . For reasons of symmetry, the even kernels M 0 and M 2 featuring in the squaregradient free energy Eq. (3) only depend on the achiral hard cores. The Mayer function Φ yields -1 when the cores overlap and zero otherwise. For hard cylinders with infinite length-to-width ratio L/D → ∞ the kernels correspond to the following (generalized) excluded volumes [42, 43] 
with | sin γ| = |ω 1 ×ω 2 |. The odd kernel M 1 depends on the specific chiral interaction U c between the helical filaments and is strictly zero in the absence of chirality. For weakly chiral interactions (U c k B T ) it is justified to approximate Φ ≈ −βU c . To mimic the effective potential between soft helical filaments [22] [44, 45] but has since then been consistently used in simulation models to capture chiral interactions (whether caused by quantum-mechanical or steric factors) between nonspherical mesogens [46] [47] [48] [49] [50] . As for the remaining parameters, ε c is an amplitude parameter and γ c a cut-off value for the angle, such that U c (γ c ) = 0. Most importantly, = 1, 3, 5 . . . is an odd integer determining the number of local minima in U c (γ). This is illustrated in Fig. 1(c) . The case = 1 produces a single minimum function imparting a uniform helix sense, whereas the double-minimum form for = 3 gives rise to pitch inversion scenario where the cholesteric helix sense switches handedness upon changing the overall particle concentration of the cholesteric system. The kernel M 1 can be approximated by introducing a cylindrical laboratory frame (∆r ⊥ , ∆z)
where the spatial integral over the decay function is now subsumed into some effective dimensionless chiral amplitude viā
The precise form of g(∆r) is not crucially important as long as convergence of the spatial integral is guaranteed and the conditionε c 1 is met. We emphasize that the definition ofε c makes the theory applicable to a wide range of cholesteric materials of rigid helical filaments where chiral forces are transmitted primarily by long-ranged, soft interactions rather than by steric forces related to particle shape [51] . For the case = 3 the critical concentration at which a helical sense inversion occurs is inversely proportional to γ c . In our calculations, we choose γ c = 0.5 in which case a pitch sense inversion occurs at a concentration of c 0 = ρ 0 L 2 D = 17.84. The isotropic-cholesteric phase coexistence densities are located at c [52] . Some relevant numerical results for the pitch versus concentration have been compiled in Fig. 2 . For the homogeneous systems, standard iteration routines utilizing an equidistant grid of relevant angles to discretize orientational spaceω were employed to solve equations such as Eq. (6) [53, 54] . In Fig. 2 two distinct scenarios are highlighted: a conventional one ( = 1) in which the pitch decreases monotonically with concentration, as routinely encountered in a wide range of bio-inspired cholesteric liquid crystals [5, 7, [55] [56] [57] . The second case ( = 3) relates to a pitch-inversion scenario where the twist suddenly changes handedness at a critical concentration and, associated with this, a critical degree of local nematic alignment [19, [22] [23] [24] . The microscopic underpinning for this phenomenon resides in the double-minimum form of the chiral potential (see Fig. 1(c) ). Since the two minima are located at opposite signs of the twist angle the global twist sense imparted by the chiral potential depends critically on the degree of nematic alignment ∼ γ along the director field, which is steered by particle concentration [22] .
A rough estimate forε c can be produced by assuming helical rods with some chiral charge pattern [10, 58] with an effective total charge Q eff residing on the particle sur-face, so that chiral forces are mediated via some screened Coulomb potential Q 2 eff λ B exp(−κr)/r with λ B the Bjerrum length and κ the Debye screening constant related chiefly to the ionic strength of the solvent. Using this in Eq. (14) we writeε c as a simple product of Q eff and a number of (dimensionless) size ratios
We may test the usefulness of this prediction by plugging in typical numbers for e.g. filamentous virus rods [58] . Taking 
. Given that nanorod contour lengths lie in the range L ∼ 0.1 − 1 microns, the corresponding pitches amount to tens of microns, in full accordance with what is routinely measured in experiment.
IV. IMPACT OF A WEAK CONCENTRATION GRADIENT ALONG PITCH DIRECTION
Let us assume a small perturbation from the uniform particle concentration
imparted by some weak external periodic potential of the form U ext (Z) =ûe iqZ with amplitudeû 1 acting on the positional coordinates alone. Examples could be concentration gradients imposed by e.g. an laser-optical trap, a temperature gradient, solvent evaporation or particle sedimentation or induced by the presence of a substrate or interface. Linearising the Euler-Lagrange equation Eq. (6) we obtain a self-consistency equation for δρ q
for every mode q = 0. Inserting the perturbed one-body density Eq. (16) into the coefficients Eq. (9) and retaining contributions up to linear order allows us to write K n (Z) ∼ K n + δK n e iqZ (n = t, 2).The linear perturbations depend implicitly on particle concentration ρ 0 and wavenumber q of the imposed concentration fluctuation (through Eq. (17)) and the orientational distributions via 
where q 0 = K t /K 2 is the helical wave-number of the uniform cholesteric phase. The susceptibility χ = ∂q 0 /∂|δρ q | has units of inverse length and expresses the non-trivial linear response of the pitch of a cholesteric nematic upon imposing a weak concentration fluctuation along the pitch direction. It reads
and is nonzero because the local rod orientations areaffected by the imposed density gradient. Solving Eq. (17) numerically we find a monotonic increase of χ with the field amplitudeû and a negligible dependency on q in the weak-gradient regime q 1. Eq. (19) tells us that the external field renders the local twist non-uniform and causes the nematic director field to adopt a more complicated helicoidal topology. The director component perpendicular to the reference direction (x-axis) twists in the following waŷ
In practice, in view of the square-gradient approximation underpinning Eq. (17) the wavelength of the imposed concentration wave should be small (q 1) so that
independent of q. The evolution of the response χ as a function of the overall particle concentration is shown in Fig. 3 . The response is simply monotonically increasing with c 0 for the = 1 scenario (without pitch inversion), while the case = 3 exhibits a marked point of zero response at a density preceding the compensation point. At the zero point the effect of the applied field on the local twist vanishes. It roughly corresponds to the concentration where the derivative of the pitch with concentration becomes zero, ∂q 0 /∂c 0 → 0 (blue dot in Fig. 2b ). We stress, however, that the concentration-orientation coupling renders the response strongly non-linear so that χ does not obey a simple prescription χ ∼ ∂q0 ∂c0 δc 0 (u), with δc 0 (u) the field-induced change of the local concentration, one could have naively proposed.
At the compensation point, where the intrinsic twist vanishes (q 0 ↓ 0), a global twist can be imposed by the external field. Variation of the amplitude and sign of the external potential via u thus allows for a judicious tuning of the handedness and the pitch length of the helicoidal director field. This is illustrated in the bottom panel of Fig. 3 . Typically, an imposed field strength of 0.01k B T suffices to bring about a change in the helical pitch of order χ −1 ∼ O(L/ε c ) whereε c depends on the molecular details of the filaments responsible for transmitting chirality (see Eq. (14)). Recalling the estimatē ε c ∼ O(10 −1 − 10 −2 ) for typical chiral nanorods (Section III) we conclude that the impact of a weak concentration gradient on the pitch is expected to be quite significant.
V. DIRECTOR FLUCTUATIONS IN COMPENSATED CHOLESTERICS: EVIDENCE FOR A DIVERGING LENGTH-SCALE
In this Section we attempt to quantify the range and strength of thermal fluctuations the helicoidal director field experiences. We shall focus in particular on the behaviour of these fluctuations in the vicinity of the compensation point where the cholesteric twist vanishes. In contrast to most phenomenological theories put forward to date [3, [59] [60] [61] , the Onsager-Straley theory enables us to gauge the elastic properties of the cholesteric from a microscopic standpoint and establish an explicit dependence of the fluctuation spectrum with respect to particle concentration. Let us consider the following perturbations of the helical director field
where the amplitude |δq k ⊥ | 1 refers to a weak modulation of the linear twist ϕ(Z) = q 0 Z and |δq k | 1 to a spatial perturbation of the pitch direction (along the z-axis). The change in excess free energy produced by a weak non-uniformity of the director field takes the following form [43, 62] 
where ∂ R (ω i ) = (∆r · ∇ R )n(R) ·ω i . Ignoring the fluctuation terms, we easily retrieve the mean-field free energy of a weakly twisted cholesteric by inserting Eq. (23) and expanding up to quadratic order in q 0 so that (10)). It is now fairly straightforward to work out the free energy change imparted by a weak spatial modulation of the helicoidal director field by insertingn(R) and retaining the leading order contributions for small amplitudes δq k ⊥ and δq k . Focussing on the latter first, we obtain for the free energy change associated with longitudinal director fluctuations along the pitch direction
in terms of the splay (K 1 ) and bend (K 3 ) elastic constants, specified in the Appendix. From the quadratic contribution we can infer the following fluctuation spectrum upon invoking the equipartition theorem [3] 
It suggests that fluctuations in the pitch direction decay algebraically, irrespective of the cholesteric twist q 0 . A similar analysis produces the following spectrum for the transverse fluctuations (i.e. perpendicular to the pitch axis z) of the local nematic director
where K * > 0 is an additional elastic constant specified in the Appendix. Taking the inverse Fourier transform (FT) of this expression we find that the transverse director fluctuations along the helicoidal axis decay exponentially
in terms of a correlation length A similar behavior is found for the decay of transverse fluctuations measured along the local director (which is fixed along the x-axis of the lab frame). The approximation k
⊥,x K 3 seems justifiable for concentrated hard rod systems where the splay modulus is much smaller than the bend one (K 1 K 3 ). Performing an inverse FT of Eq. (27) we obtain a similar exponential form δq ⊥ (X)
2 e −|X|/ξx /q 0 whose amplitude now involves the bend modulus K 3 . The correlation length for transverse director fluctuations probed along the local director also diverges at the compensation point, albeit with a different concentration scaling than ξ z
This correlation length is of the order of the helical pitch 1/q 0 whereas ξ z < ξ x throughout the probed concentration range. The concentration dependence of these correlation lengths can be established in explicit form from the asymptotic results for the elastic constants of infinitely slender hard rods which have been compiled in the Appendix. The expressions above clearly demonstrates that both correlation lengths and their respective amplitudes diverge at the compensation point (see Fig. 4 ). This suggests that the crossover from one handedness to the other upon changing the thermodynamic state (particle concentration or temperature) as reported in a number of recent studies [19, [22] [23] [24] 37] constitutes some higherorder phase transition where director fluctuations diverge critically at the compensation point.
VI. CONCLUSIONS
We have investigated in which way the supramolecular twist in a lyotropic cholesteric structure is affected by weak gradients in particle concentration as well as by thermal fluctuations. Our focus is on lyotropic assemblies of helical nanohelices where chiral torques are transmitted through some weak helical surface potential for which we propose a simple coarse-grained potential. This serves as the microscopic basis of an Onsager-Straley theory for twisted nematics which we have generalized to account for weak concentration gradients. Applying a generic external potential acting only on the centre-of-mass coordinates induces a weak modulation of the concentration along the pitch direction. We show that the concentration gradients couple non-linearly to the cholesteric twist via the average rod orientations and demonstrate that spatially non-uniform twist patterns can be generated in this manner. In case the system is near a so-called compensation point where the global twist but not the molecular chirality vanishes, a significant change in the pitch can be realized for weak potential amplitudes. This effect can be exploited to tune the supramolecular twist of lyotropic materials without the need to modify the molecular chirality, for instance, by changing the solvent conditions or temperature.
In the second part of this work we use the OnsagerStraley framework to identify how the twisted director field is affected by thermal fluctuations. Upon deriving the director fluctuation spectrum for nanohelix cholesterics we put forward an analytical expression relating the correlation length which measures the decay of the local director fluctuations along and transverse to the pitch axis to the microscopic properties of the constituents. We show that this correlation length diverges at the compensation point where the global twist vanishes.
From an experimental point of view, it would be highly desirable to dispose of model systems in which the molecular chirality (e.g. the microscopic pitch) can be carefully controlled. These would facilitate a systematic investigation of the relation between the micro-and mesoscale chirality and identify the presence of compensation points, cholesteric sense inversions and non-monotonic trends in the pitch versus particle concentration. Interesting opportunities lie in the application of filamentous phages to generate rod-shaped particles with tunable persistence length and chirality [63, 64] , or in the self-assembly of chiral fibres of stacked organic compounds [65] or inorganic nanoparticles with bespoke shape and interactions [66] .
